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Introduction
Kloosterman sums have recently enjoyed much attention. Some of this interest is due to their applications in cryptography and coding theory; see for example [1, 6] . In [2] Charpin, Helleseth and Zinoviev determined the distribution of values of Kloosterman sums on F 2 m (m odd) modulo 24.
In the present paper we study ternary Kloosterman sums modulo 12. Our strategy is to associate the value of a Kloosterman sum on F 3 m with the number of solutions to a certain system of nonlinear equations over F 3 m , and to study the latter value modulo 4 using combinatorial arguments.
This association is possible due to a recent result by Moisio [5] which relates the Kloosterman sum on F 3 m to the number of F 3 m -rational points on a certain elliptic curve.
We use this connection to characterize those a ∈ F 3 m for which K (a) ≡ 1 (mod 2), K (a) ≡ 0 (mod 4) and K (a) ≡ 2 (mod 4). Our characterization is quite simple; it primarily rests on the question whether or not it is possible to express a in the form t 2 − t 3 for a suitable t ∈ F 3 m . The simplicity of the characterization allows us to count the number of the a ∈ F 3 m belonging to each of these three classes.
Definitions and preliminary results
For a prime p and a positive integer m, let q = p m and let F q denote the finite field of order q. Let Tr : F q → F p be the absolute trace. The Kloosterman sum on F q is defined as the mapping K :
where ω = e 2π i/p is a primitive pth root of unity.
Applying the Frobenius automorphism x → x p to (1) and using the properties of the trace map
Throughout this paper let p = 3, hence ω 3 = 1, ω = 1.
Proof. Let a ∈ F 3 m be fixed. For u ∈ F 3 let N u (a) denote the number of those x ∈ F * 3 m for which
Throughout this paper for an elliptic curve E defined over F 3 m we denote by #E the number of F 3 m -rational points on E.
The following result was recently obtained by Moisio. [5] .) Let c ∈ F * 3 m and let Φ c be the elliptic curve over F 3 m defined by
Theorem 1.3. (See
Then
Odd values of Kloosterman sums
We finish Section 1 by characterizing those a ∈ F 3 m for which K (a) is odd. The main part of the paper then deals with distinguishing the cases K (a) ≡ 0 (mod 4) 
where t ∈ F * 3 m is a constant.
Definition 2.1. Let S(t) denote the total number of solutions (ordered triples
Due to symmetry it is not difficult to determine S(t) mod 12 for each t ∈ F * 3 m . The answer is stated in Theorem 2.4 below, and it will be later used to prove our results on K (a) mod 4. Our strategy is to try to group the solutions into sets of size 12. This is easy to do most of the time; there are only a few special cases that need to be analyzed.
In Sections 2 and 3 we restrict our attention to the general case when t ∈ F 3 m \ {0, 1}.
Notice that if (u, v, w) is a solution to (2), then (t/u, t/v, t/w) is also a solution to (2). We say that the solution (u, v, w) generates the set of solutions composed of all permutations of (u, v, w) together with all permutations of (t/u, t/v, t/w)
. Such set will contain exactly 12 triples in total except when |{u, v, w}| < 3 or (t/u, t/v, t/w) is a permutation of (u, v, w) . We therefore need to analyze the following four cases:
If u = v = w, then none of the two equations of (2) 
Then either equation of (2) implies that t = 1, which is excluded from the present analysis by the assumption on t. Therefore cases 3 and 4 never occur.
We will say that a set generated by the solution (u, v, w Otherwise there are no sets of type 1.
Proof. Without loss of generality suppose that u = v. Solving the first equation of (2) for w and substituting the result into the second equation yields
This equation has solutions in F * 3 m if and only if its discriminant 1 − t is a square. If u 0 is a root of (3), then the other root is t/u 0 and both roots generate the same set of type 1. 
This equation has solutions in F * 3 m if and only if its discriminant 1 + √ t is a square. If u 0 is a root of (4), then so is t/u 0 and hence both roots of (4) 
An elliptic curve
In this section we associate the solutions to the system (2) with points on a certain elliptic curve.
Let us eliminate w = 1 − u − v from the first equation in (2), substitute the result into the second equation, clear the denominators, and homogenize by substituting u = U /Z , v = V /Z . We arrive at the equation
Upon applying the substitution
to (5) we get
Recall that in Sections 2 and 3 we are looking at the general case when t = 0, 1. Thus we are led to studying the following elliptic curve:
The simple form of the substitution (6) makes it very easy to associate the solutions to (2) with points on E t . Proof. Note that E t is non-singular except for t = 0, 1, which are excluded in the assumption. Let us first find the number of points on E t that do not yield a solution of (2) via the substitution (6) . One such point is the point at infinity on E t . Henceforth we will write affine points on E t in the form (x, y) . The other cases to be examined are when Z = 0, or when one of u, v or w is equal to zero, which is equivalent to U = 0 or V = 0 or Z = U + V (since we used w = 1 − u − v to eliminate w). These computations are easy; let us just summarize their results in a table:
It is easy to see that for t = 0, 1, this table contains exactly five distinct points on E t which (together with the point at infinity on E t ) give exactly six points on E t that do not produce solutions to (2) via the substitution (6).
Next we will prove that the mapping (x, y) → (u, v), defined by (6) composed with u = U /Z , v = V /Z is injective, that is, distinct affine points on E t produce distinct solutions to (2), if any. Suppose that two affine points on E t , say (x 1 , y 1 ) and (x 2 , y 2 ), produce the same solution to (2) . Considering the value u = U /Z we get
which implies t
Then considering the value v = V /Z we get
Finally let us note that to each solution
3 to (2) the substitution (6) associates the affine point
This point is well defined, since u 0 = t would force v 0 = −w 0 in the second equation of (2), which in turn would force t = 1 in the first equation of this system, but in Sections 2 and 3 we only consider the general case t = 0, 1. This completes the proof. 2
Even Kloosterman sums
In this section we will characterize those a ∈ F 3 m for which K (a) ≡ 0 (mod 4) and K (a) ≡ 2 (mod 4). Let us begin with two preparatory facts. We will now prove our main result.
Theorem 4.3.
Let a ∈ F 3 m . Then exactly one of the following cases occurs: 
The counts
Having characterized those a ∈ F 3 m for which K (a) ≡ 0, 2 (mod 4), we will now count them.
We define the mapping χ : Proof. Consider ν :
for all x, y ∈ F 3 m . We have 
New ternary quasi-perfect codes
Danev and Dodunekov recently constructed [3] a new family of ternary quasi-perfect codes with minimum distance 5 and covering radius 3. A major step in their proof [3] 
